Abstract-In this paper we present an efficient mode-matching technique to analyze tilted-coil antennas in anisotropic geophysical formations. In this problem, a number of coil antennas with arbitrary relative tilt angle with respect to the symmetry axis are used to radiate electromagnetic fields in a cylindrically layered medium comprised of a metallic mandrel, a borehole, and a surrounding layered Earth formation. This configuration corresponds to that of directional well-logging tools used in oil and gas exploration. Our technique combines closed-form solutions for the Maxwell's Equations in uniaxially anisotropic and radiallystratified cylindrical coordinates with the generalized scattering matrix (GSM) at each axial discontinuity based on the modematching technique. The field from the transmitter tilted-coil source is represented by a set of modal coefficients which, after computation using GSM matrices, are used to compute the transimpedances. We present validation results which show that our technique can efficiently model directional well-logging tools used for oil and gas exploration.
I. INTRODUCTION
Logging-while-drilling (LWD) and measurement-while-drilling (MWD) tools are frequently used to evaluate hydrocarbon reservoirs. The complex geophysical formations present in this type of problem can be successfully modeled using numerical techniques such as finite-differences (FD), finite elements (FE) and finite volumes (FV) [1] - [5] . However, these brute-force techniques suffer from relatively high cost in terms of both computer memory and CPU time. Bearing in mind that oil exploration usually employs LWD tools comprised of coil antennas wrapped around a metallic mandrel inside a borehole, as illustrated in Fig. 1 , a series of practical scenarios can be properly approximate as a radially-stratified medium [6] . In this case, efficient algorithms based on pseudoanalytical methods [6] - [10] are good alternatives to model these geometries and provide efficient inversion algorithms designed to estimate the Earth formation properties given the tool responses.
More complicated geometries including inhomogeneities in the Earth formation along both radial and axial directions can be accounted by using the numerical mode-matching (NMM), which may be seen 285 as providing a middle-ground in terms of computational costs between brute-force and pseudoanalytical techniques [11] - [14] . The NMM is a very accurate approach that combines the FD or FE method in one direction with an analytical (modal) expansion in the other directions.
Tilted-coil antennas (TCA) have been introduced for well-logging tools [7] - [9] to provide azimuthal sensitivity. In [14] , the NMM was extended to model triaxial TCA tools in vertical wells with both radial and axial stratifications using a vertical mode expansion in conjunction with a horizontal mode-matching. The NMM can be also formulated in an alternate fashion, i.e., with a horizontal mode expansion [10] - [13] . However, since TCA has a non-zero span along the axial direction, the vertical mode expansion is more appropriate to this type of problem. Although suitable to model TCA tools in straight wells, the approach used in [14] cannot be easily generalized to curved wells where axial bending is also present. These wells occur during deviated drilling and, in this case, the axial (vertical) mode-matching is a more natural choice.
In this work, we employ an axial mode-matching combining attractive features of the early described pseudo-analytical techniques, to obtain a flexible technique for analyzing directional welllogging tools in anisotropic formations which can be easily extended to model wells with curvature.
II. PSEUDO-ANALYTICAL FORMULATION
The geometry shown in Fig. 1 is used to model different sections of the regions around the welllogging tool as a bounded, radially-stratified waveguide. We can decompose the radiated field into axial (to z ) and transversal components, and the subscripts z and s , respectively, are used to assign those directions. Our media is characterized by the complex permeability diag( , , ) 286 equations in uniaxially anisotropic multilayered cylindrical structures are well-known, and to avoid repetition, we adopt here a notation similar to that in [2] , [7] , [9] , [13] - [15] by assuming a timeharmonic dependence in the form exp( ) i t w -. A brief theoretical background of the formulation will be presented in this section. More mathematical details can be found in [16] .
A. Electromagnetic Fields Along Radial Stratifications
The forward propagating axial fields can be written in a compact fashion as
The modal propagation constant in the z direction is , 
In order to simplify the notation, we will temporarily drop the modal subscript np and also the argument of , z np e and , z np h , restoring them later as needed. The radially-dependent coefficients in (1) are given by a linear combination of first kind Hankel and Bessel function of integer order n , as given in [15] , [16] . The transversal field components can be expressed as a combination of the axial ones using well-known relations for cylindrical coordinates [13] .
Consider the radially stratified waveguide shown in Fig. 2 
where [ ] by-2 generalized reflection matrices [15] . We can find the amplitudes of adjacent layers to layer j using and
where , 1 j j S  is defined in [13] .
Using (5) in (3) and (4), it follows
which allow us to find the guidance condition for the modes as
are the discrete values of z k that contribute to our modal solution. We can next find all desired eigensolutions of (7) in a given region of the complex plane z k (or j k r ) using the Argument Principle [17] , [18] and the technique shown in [19] .
Instead of matching the source jump condition to derive the eigenmode amplitudes as in [7] , [9] , [14] , here we prefer find a source-free solution and then include the excitation apart. We can easily verify that solutions to the homogeneous linear system 0
. Now we have the modal amplitudes for the outermost radial standing wave, the fields in all layers can be derived recursively using (5) and (4).
In order to mimic an unbounded medium, the radial direction is truncated by a perfectly matched layer (PML) [20] , [21] . The PML extends over PML N r r r < < , as illustrated in Fig. 2 , and we use the complex coordinate stretching formulation of the PML because it allow us to reuse all close-form eigenmode formulas shown above, such we just need to select an appropriated complex-value for the outermost radius of the waveguide [21] 
B. Electromagnetic Fields Along Axial Stratifications
The previous results can be applied to analyze an axially infinitely-long cylindrical waveguide. To properly model the axial discontinuities shown in Fig. 1 , we need to match the boundary condition at each waveguide junction. Now, looking at equation (1), we can anticipate that the n th modal field of region j will couple with only the ( ) n -th field of the adjacent regions 1 j  . This is due to the orthogonality of the azimuthal harmonics and allows us to substantially simplify our analysis.
By imposing the conservation of reaction [24] , [25] of the fields in the common aperture (at Fig. 3 ) between the regions 1 and 2, we can relate the forward and backward modal amplitudes in each waveguide as
where the generalized scattering matrix (GSM) comprises 
The entries of matrices 1 Q , 2 Q and 12 X are closely related with the self-reaction of fields in region 1 and 2, and to the reaction of fields in region 1 to region 2, such as
where , We are able to obtain analytical results for the above coupling integral as in [16] , [22] , [26] .
The above procedure can be applied to all remaining axial discontinuities, allowing us to get one GSM to each axial discontinuity.
C. Mode Excitation from a TCA Source
Consider a transmitter TCA with electrical current density given by
where T I is the current source amplitude, T r and T z are the radial and axial position of the coil, and T f and T q are the azimuthal and elevation tilt angles [7] as shown in Fig. 3 and Fig. 4a . 
, ( 
which can be solved in closed-form [7] . As a further simplification, we can show that our initial series solution in (17) and (18) reduces to a cosine series for positive integer n as shown in [16] .
By combining the source amplitudes Fig. 4b , and use the superposition to find the total radiated field. In this way, we must split the integration over f into (21) by means of an appropriated value of i f as show in Fig. 4b . These integrals do not compute in closed-form but a suitable fast convergent series representation exists based on the Jacobi-Anger expansion [28, p. 361 ].
III. NUMERICAL RESULTS

A. Validation
To illustrate the application of the proposed method, we present simulations of a triaxial logging tool consisting of one transmitter and two receivers TCAs in a vertical-well borehole traversing an anisotropic Earth formation with two horizontal layers. The problem includes a 4 -in-radius metallic mandrel, in which the TCAs are placed around, at the fixed radial distance are T z , 24
T z + in and 30
T z + in, respectively. This geometry was considered before in [2] , [8] and is used here to validate our formulation. For more details on this geometry, see [2] , [8] . We truncate the radial domain at 60 in, at about four times the skin depth of the les conductive layer. We include all modes whose axial attenuation is less than 60 dB at 5 in, and have considered only azimuthal indexes 0 n = and 1 n = . The high order azimuthal harmonics give negligible contribution to total solution. respectively. Also, we consider that all antennas are azimuthally aligned, i.e.,
Assuming a unit current excitation at 2 MHz, the tilt angle of each TCA antenna will be investigated in the following. We truncate the radial domain at 60 in, and have include all modes whose axial 
Proper combination of the results showed above in Fig. 10 and Notably, in these two cases we can observe negative values for AR ; i.e, for some combinations of 1 R q and 2 R q the voltage received by RX 1 is larger than those in RX 2 (which is closer to TX). 
